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A series scheme is discussed for the determination of the normalization constants of the even and odd
Mathieu—Gauss (MG) optical beams. We apply a suitable expansion in terms of Bessel-Gauss (BG) beams and
also answer the question of how many BG beams should be used to synthesize a MG beam within a tolerance.
The structure of the normalization factors ensures that MG beams will always be normalized independently of
the particular normalization adopted for the Mathieu functions. In this scheme, the normalization constants
are expressed as rapidly convergent series that can be calculated to an arbitrary precision. © 2006 Optical

Society of America
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1. INTRODUCTION

Mathieu beams constitute a complete and orthogonal
family of nondiffracting optical beams that are solutions
of the wave equation in elliptic coordinates.'™ These
beams are fundamental in the sense that any optical field
can be expanded in terms of Mathieu beams with appro-
priate weight factors and spatial frequencies.® Mathieu
beams have been applied, for example, to photonic
lattices,® transfer of angular momentum using optical
‘cweezers,7’8 and localized X waves.?

Since ideal Mathieu beams are not square integrable,
they cannot be normalized such that the integral of the
intensities is unitary. In view of this, we reported, in a re-
cent paper, a closed and elegant expression for the propa-
gation of the so-called Mathieu—Gauss (MG) beams,lo ie.,
Mathieu beams apodized by a Gaussian transmittance,
which carry a finite power and can be generated experi-
mentally to a very good approximation.'! MG beams con-
stitute one of the simplest approximations to the exact
nondiffracting Mathieu beams, and their propagation
properties have been studied in free spacelo’11 and
through apertured ABCD optical systems.lz’13

Although the propagation characteristics of the MG
beams are well understood, the normalization factors of
these beams have not been calculated until now. The ob-
ject of the present investigation is to remedy this defi-
ciency. Though the transverse intensity distribution of the
MG beams cannot be integrated directly in a closed form,
we shall see that a suitable expansion in terms of Bessel—
Gauss (BG) beams can be applied with success to the
problem, yielding the normalization constants. The analy-
sis of convergence provides an upper bound for the num-
ber of terms required to compute the normalization con-
stants within a given accuracy. In the course of this
analysis, we also answer the related question of how
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many BG beams should be used to synthesize a MG beam
within a tolerance. Knowledge of the normalization fac-
tors is necessary for the construction of helical MG beams
whose even and odd components should transport the
same power.'%

2. DEFINITION OF THE MATHIEU-GAUSS
BEAMS

We briefly describe MG beams to establish notation and to
provide a reference point for necessary formulas. We com-
mence by defining the elliptic coordinates with foci at
(£/5,0) as

x =fp cosh & cos 7, (1)

y =fy sinh &sin 7, (2)

where £€[0,~) and ne[0,27) are the radial and angular
elliptic coordinates, respectively. Since we are primarily
interested in finding the normalization constants of the
beams, it is convenient to work with the expressions of
the mth-order even and odd MG beams at the plane z=0,
namely,

2

r
MGin(g: 7,2 = O) = -/\/fn exp(— F)Jem(g’q)cem(ﬂyq)y

0
(3a)

2

r
MG;;(&: 7,2 = O) = N’r)n exp(_ P)Jom(f,Q)Sem(%Q),
0

(3b)

where m=0,1,2,... for even beams, m=1,2,3,... for odd
beams, and N, and N, are the normalization factors to
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be determined such that the integral of the intensities is
unitary. The transverse distributions are described by the
mth-order even and odd radial Mathieu functions Je,,(+)
and Jo,,(-), and the even and odd angular Mathieu func-
tions ce,,(-) and se,(-), respectively.l‘r’*18

In Egs. (3), the expressions U, =Je,,(¢,9)ce,,(7,q9) and
U, =Jo,,(&,9)se,,(n,q) represent the transverse fields of
the even and odd ideal nondiffracting Mathieu beams and
satisfy the two-dimensional Helmholtz equation,

(G + Oy + EDUSL(£,7) = 0, (4)

in elliptic coordinates.! The MG beams are characterized
by the ellipticity parameter ¢ =kt2f%/ 4, which carries infor-
mation about the transverse wavenumber %; and the el-
lipticity of the coordinate system through f.

In the plane z=0, the transverse shape of the MG
beams is characterized by a set of confocal elliptic and hy-
perbolic nodal lines. Several theoretical and experimental
patterns have been reported elsewhere.®!? Like BG
beams, the MG beams of the form (3) constitute a com-
plete family of paraxial fields in the sense that any
Helmholtz—Gauss beam with the same waist size and
spatial frequency can be expressed as a superposition of
MG beams with the appropriate weight factors.’® BG
beams represent a special case of the MG beams when the
focal distance of the elliptical coordinates reduces to zero.

3. NORMALIZATION OF THE
MATHIEU-GAUSS BEAMS

In principle, the problem of finding the normalization fac-
tors of the MG beams reduces to the determination of the
integral [ |MG,,|?dS across the whole transverse plane
(x,y). Closed-form evaluation of this integral is not pos-
sible, fortunately, the problem can be solved by using the
fact that MG beams may be expanded in terms of BG
beams. This fact is evident once the Bessel beams form a
complete set of orthogonal solutions of the Helmholtz
equation in cylindrical coordinates.

At the plane z=0, the even and odd BG beams are writ-
ten as'*

BGe r? T cos(m6)
m (ra 0) = Icm exp| — w_g m( tr) Sln(mﬁ) ) (5)
where (r, ) are the polar coordinates, </, (-) is the mth or-
der Bessel function, and K,, is a normalization constant.
It is convenient to explicitly find the factor K, in order to
work with an orthonormal basis of BG beams. The evalu-
ation of the condition [§[2"BG,,|>rdrd6=1 leads to

2 exp(0/2)

(6)

" w1+ 8, 0) 7L, (0)

where I,,(-) is mth-order modified Bessel function of the
first kind, &;j is the Kronecker delta, and
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2 2
kiwg

4

(7)

ag =

is a beam parameter, which relates the transverse beam
oscillations characterized by 1/k; and the Gaussian width
given by w.

A. Normalization of the MGZ, (¢, 7) Beam

Before proceeding with the normalization of the MG
beams, we write the Fourier series representation of the
Mathieu functions ce,,(:) and se,,(-). The expansions fall
into four classes, according to their symmetry or antisym-
metry, at approximately »=0 and #=m/2, namely,

©

ceg,(7;9) = >, Agjcos(2i7), (8a)
J=0

©

cesn1(1739) = >, Agjircos[(2j+ 1), (8b)
Jj=0

0

Segn.a(139) = >, Byjosin[(2j+2) 7],  (8¢)
J=0

©

S€2,.1(739) = >, Byj1 sin[(2j + 1)z, (8d)
Jj=0

where n=0,1,2,..., and the Fourier coefficients A and B
are functions of ¢ and are characterized by a set of known
three-term recurrence relations.’>!" The corresponding
series for the radial Mathieu functions are obtained from
Eqgs. (8) by setting the change of variable n—i&.

Several normalizations have been proposed for the
functions ce,,(-) and sem(-).w’18 The most adopted in the
literature is the same as that for the cosine and sine func-
tions, i.e., g”cefn(n;q)dnzfg”se?n(n;q)dr;: 7 for all real
values of ¢g. Under this normalization, the Fourier coeffi-
cients have the property,

E (1+ @,O)Agj = EAgj-f-l = E ng+2 = 2 ng+l =1. (9
j=0 j=0 =0 =0

To normalize the MG beams, we commence by writing
an integral equation for the 2nth-order even Mathieu
functions!®!

2

JeZn(g,(I)CBZn(%CI) = C2nf CeZn(¢)eXp[iktr COS((,{) - 0)]d¢’

0
(10)

where the multiplier C,,, is given by

ceq,(0;q)ceq, (7/2;q)
= 27TAO

(11)

From a physical point of view, Eq. (10) represents the
expansion of the ideal nondiffracting Mathieu beam U5,
=Jey,(£,9)ces,(7,q9) in terms of plane waves.! As well
known from the theory of nondiffracting beams,* the an-
gular spectrum of the beam reduces to a circular delta of
radius k&, in the k space, which (in this case) is modulated
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angularly by the function ceg,(¢). It is important to re-
mark that Eq. (10) is a fundamental identity that holds
independently of the normalization scheme adopted for
the Mathieu functions.

We now proceed by inserting the series representation
(8a) into the right side of Eq. (10). Since the integral of
the sum is equal to the sum of the integrals, we have

* 2m
Je2n(§’q)ce2n(7]’q) = CZnE AZJJ COS(2j¢)

J=0 0
Xexplikr cos(p— 0)]dp. (12)

The evaluation of the integral can be expressed in closed
form using Bessel functions,® namely,
Jesn(£,q)ces,(m,9) = Ca, 2 Agf (= 12Ty (kir)cos(26)].
j=0

(13)

Equation (13) is, in fact, the expansion of the nondif-
fracting Mathieu beams in terms of the Bessel beams. We
now multiply both sides of Eq. (13) by the Gaussian
modulation and the unknown normalization factor A§, to
construct the MG beam,

2
MGeZn(gy 77) = -/\/EZn exp<_ H?)Je%z(g:Q)ceZn(n;q),
0
(14a)
=N5,27Cs, 2, (- 1VAy;
j=0

2
Xexp(— —2)J2j(ktr)cos(2j0). (14b)

Wy

Using the definition of the BG beams in Eq. (5), we ob-
tain the expansion of the normalized MG beams in terms
of normalized BG beams,

“ (- 1YAy,
MG, (&, m) = N5, 27Co, >, ————

J=0 2j

BGY,(r,0).  (15)

The normalization constant N5, is determined by the
stipulation that [[”,|MG$,|?dA=1. Taking into account
that BG beams form an orthonormal basis, from Eq. (15),
we readily get the following relation,

0 Azl 2
(N, 27C5,)2 >, o) =t (16)

j=0 \Kgj

Finally, substituting the values of C,,, and I,, into the
above equation, we can formally write the normalization
constant for the MGj, beam,

2 exp(a/2) Ay

Now =

)

E (1+ 5j,0)12j(0')A§j
Jj=0

Vmwoces, (05q)ceq, (/2;9)

(7)

As expected, N9, is a function of the beam parameter o
=kt2w%/ 4 and the ellipticity parameter g =kt2f%/ 4.
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B. Normalization of the Remaining Cases

Analysis similar to that in the previous subsection leads
to the normalization factors for the remaining MGj,,,,,
MG, ., and MG$,,; beams. For the MG, ,; beam,

7‘2

MG§n+1 = N§n+1 exp<_ E)Je2n+l(§7Q)ce2n+1(777q)7
0

(18)
we obtain
N3n+1
—
2\r’q eXp(O'/2) Al
Vg ces,a(05q)ces, 1 (w/250)| [ 2 |
> Lyi(0)AG
j=0
(19)

where the prime denotes the derivative of the function
ce,,(7;q) with respect to the variable 7.
In the same way, the normalized odd MG beams are
given below
2

Mng+2 = ‘/\/gn+2 exp ( - F ) J02n+2(§; Q)592n+2( 7]vq) ’
0

(20)
2
MG;rHl = Ngn+1 exp(— F>J02n+1(§’q)se2n+1(7],Q)’
0
(21)
where
-/\/gn+2
2q exp(d/2) B,
) o . (T - ’
\TWo S€9,,5(03)5€5, 5 E;q 2 I2j+2(o-)B§j+2
j=0
(22)
/\/gn+1
—
2+/q exp(0/2) B;
= | - — )
Vg sep,,1(03¢)se5,41 54 > Iyj(0)By
j=0
(23)

Equations (17), (19), (22), and (23) are the main result
of this study. The structure of these factors ensures that
MG beams will always be normalized independently of
the particular normalization adopted for the Mathieu
functions.

4. NUMERICAL DISCUSSION

Having given the series expression for the normalization
constants, one of the main questions to be answered is
how many terms of the infinite summations in Egs. (17),
(19), (22), and (23) should be used in order to compute the
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normalization constants within a given accuracy. This
question is equivalent to asking the number of BG beams
required in Eq. (15) to synthesize a MG beam within a tol-
erance. To answer the question, consider that the sums
have the general form

820 =D s, = > DI (0AZ, (24)
k=0 k=0

where £=2j=0,2,4,... for sums in Eqgs. (17) and (22), &
=2j+1=1,3,5,... for sums in Eqgs. (19) and (23), and D
=1 except for the sum in Eq. (17) where D=1+5; .

The standard practice is to truncate the series when
the term we have just added is smaller in magnitude than
some small times the magnitude of the sum thus far ac-
cumulated. In this direction, an upper bound for the num-
ber of terms can be estimated by finding the ratio between
consecutive coefficients, i.e.,

I(o) A}

L5(0) A},

Sk

Sk-2

V, = . (25)

From calculus we know that if lim,_.., V;, <1 then the se-
ries (24) is absolutely convergent. In this case, approxi-
mations to the sum can be obtained to any desired preci-
sion by setting V), lower than a given tolerance.

To determine the ratio V},, we commence by writing the
known three-term recurrence relations among the Fou-
rier coefficients A, and B, of the Mathieu functions,
namely, >~

(@-Fk*)A,—q(Ap 2 +Ap9) =0, (26)

where k=4 and a is the eigenvalue of the Mathieu equa-
tion [d2”+a—2q cos 277]®(7)=0. We remark that Eq. (26)
holds for the four classes of Mathieu functions in Egs. (8).

By defining the ratio between consecutive Fourier coef-
ficients as G, =A./A;,_o, Eq. (26) becomes

1 a-Fk2
Groo+ —=
k+2 Gk q

(27)

From this relation, we conclude that G,,.o+1/Gp— -
monotonically as 2 — . Hence either G,— -« or G,—0".
The option G, — —= is inadmissible because this implies
|A,|>|A4_s|, and the sum would be divergent. Conse-
quently, G, — 0~ as k — «, leading to the fact that the mag-
nitude of the Fourier coefficients tend to zero monotoni-
cally, and their signs alternate as % increases. Now, the
ratio G, can easily be determined from Eq. (27) in the
limit when % is very large; in this case Gj,o—0 and a
<F2, thus

Coming back to Eq. (25), to determine the convergence
of the ratio I,(0)/I},_s(o), we use the asymptotic expansion
of thelécth-order modified Bessel function (o) for large
order,
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Table 1. Normalized Terms of the Series in Eqs.
(19) and (23)“

H i
Eq. (19) Eq. (23)

s1/sq 1 1
S5/ 4.5914 5.2390x 1071
s5/sq 3.3800 1.4593x 1071
sq7/s1 9.4118x 1071 2.2185x 1072
So/sy 1.2313%x 107! 1.9025 x 1073
s11/81 8.4416x 1073 9.5374 %1075
s13/51 3.2625x 10~* 2.8955x 1076
s15/51 7.5122x 1076 5.5051x 1078
s17/51 1.0775% 1077 6.7598 x 10710

“m=1, q=50, o=80.
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Fig. 1. Behavior of the normalization constants as a function of
o for several orders m and ¢=5,10,15,20.

k

) , (29

where k= o must be satisfied. Note that for a fixed argu-
ment >0, the function I,(o) is positive and decreases
monotonically to zero as the order increases. Using Eq.
(29) can demonstrate that the ratio I,(0)/I,_s(0) may be
approximated for large k& by

I (o)
I;,_5(0)

Collecting the partial results in Egs. (28) and (30), the
ratio V), for large £ in Eq. (25) is found to be
o%q?
4k’

b0

1 exp(\s’k2 + 02 o
k+ \J'

I.(o) ~ —
N T L VN e

o2

-~
k—s 4k

(30)

Sk

Sk-2

[Vilp—oe = (31)

where k=2j for the sums in Eqgs. (17) and (22) and k=2j
+1 for the sums in Eqgs. (19) and (23).

Equation (31) is of practical value for estimating how
many terms of the series (24) do we need to add to guar-
antee a specified accuracy. Let K be this number of re-
quired terms, if we set a tolerance (tol) for the ratio be-
tween consecutive coefficients, then from Eq. (31), we find
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1/ o?q? 1/6
K =ceil| = — - , 32
Cel{2<4tol Q) } (32
where the function ceil (x) returns the smallest integer

greater than or equal to x, and ¢=0 for N, N}, ., and
o=1 for N, .;, N5, It is instructive to illustrate the

Amplitude Phase
(4 \
jmax = O
@ ay=10.6611
\ ) 1=0.2619
[\ 4
r \
jmax = 1
a, =-0.7353
\ ) 1=0.4203
A 4
’ Y
]max = 2
ay =0.6221
\ 1=0.5262
A 4
4 \B
]max = 3
(16 = 1.0291
\ / I=0.7851
N 4
v, N
Jmax =4
|  ag=0.959%
\ / 1=0.9771
(N 4
’, N
Jmax =35
alo = 0.3599
\ I=0.9991
[N
jmax = 6
alz = 00800
\ I=0.9999

—~
Q
-~

(b)
Fig. 2. (Color online) (a) Amplitude and (b) phase of the recon-
struction of a MGY (¢, 7;¢=25) beam using finite superpositions

of BG beams. j,,,x denotes the number of BG beams used to build
up the MG beam.

Amplitude Phase

7\
\

g

(a) (b)

Fig. 3. (Color online) Pure Mathieu nondiffracting beam corre-
sponding to the MG beam shown in Fig. 2.
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convergence of the series (24) with a concrete example. In
Table 1, we include the first terms s;, for the sums in Eqgs.
(19) and (23) with m=1, ¢=50, and o=80. For comparison
purposes, we have normalized the terms with respect to
the first term of the series. As we can see, the series are
rapidly convergent. With the same aim, the behavior of
the normalization constants as a function of the beam pa-
rameter o is depicted in Fig. 1 for several orders m and
q=1{5,10,15,20}. For all plots, the dashed curve corre-
sponds to ¢=20. The curves were determined by calculat-
ing Egs. (17), (19), (22), and (23) for a range of o keeping
in mind that the paraxial approximation requires that o
>1 as discussed in Ref. 10.

We also remark that Eq. (28) provides an upper bound
for the number of coefficients we are willing to use in the
computation of the Mathieu functions using the series (8).
If the series is truncated at the Kth term, then an upper
bound for the roundoff error can be computed using the
known result from calculus that if Eq. (24) is an alternat-
ing series with limit S whose terms decrease in magni-
tude, then S and the Kth partial sum S K:Efzosk differ by
less than the magnitude of the (K+1)th term, that is, |S
~Skl<lsk:1l-

As a final illustration of the series formalism developed
in Section 3, in Fig. 2, we show the construction of a MG}
(&¢,7;9=25) beam using a finite superposition of BG
beams. For each row in the figure, the pattern is calcu-
lated using j,.x terms according to the general series [see
Eq. (14b)] given by

2 jmax
MGi(&,7) = exp(— 2) > agioj(kr)cos(276), (33)

Wo/ j=0

where ay; are the series coefficients, also shown in Fig. 1.
As expected, the first term provides the contribution of
the fundamental J, BG beam. It is interesting to see how
the initial circular shape gradually tends to the typical el-
liptic shape of the even MG beam as more terms are
taken into account in the summation. For each row in Fig.
2, the power of the beam is calculated with I
=[J”IMG4J2dA. Note that, in this case, only seven terms
are needed to ensure that the beam be practically synthe-
sized and, moreover, normalized. Finally, for comparison
purposes, in Fig. 3, we include the transverse shape of the
corresponding pure Mathieu nondiffracting beam. Com-
paring Figs. 2 and 3, we see the effect of the Gaussian
apodization of the shape of the Mathieu beam.

5. CONCLUSIONS

We have shown that the normalization constants for the
four classes of MG beams can be expressed in a calculable
rapidly convergent series and thus can be computed to an
arbitrary precision. The structure of the factors ensures
that MG beams will always be normalized independently
of the particular normalization adopted for the Mathieu
functions. It was possible to give an estimation of the
number of required terms to guarantee a specified accu-
racy. We also answered the question of how many BG
beams are required to build up a MG beam. The proce-
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dure followed in this paper can also be applied to find the
normalization constants of other kinds of beams express-
ible in terms of BG beams.
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