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Abstract: We introduce the generalized vector Helmholtz-Gauss
(gVHzG) beams that constitute a general family of localizedm solutions
of the Maxwell equations in the paraxial domain. The propiagaof the
electromagnetic components through axisymmetric ABCDcapsystems
is expressed elegantly in a coordinate-free and closed-é&xpression that
is fully characterized by the transformation of two indegemt complex
beam parameters. The transverse mathematical structuttee ofVHzG
beams is form-invariant under paraxial transformationsy Aparaxial
beam with the same waist size and transverse spatial freguean be
expressed as a superposition of gVHzG beams with the apatepveight
factors. This formalism can be straightforwardly appliegtopagate vector
Bessel-Gauss, Mathieu-Gauss, and Parabolic-Gauss baamsg others.
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1. Introduction

The problem of finding vector beam solutions of Maxwell egprag has been studied by several
researchers [1, 2, 3, 4, 5, 6, 7, 8]. In this direction, thestexice of the vector Helmholtz-
Gauss (vHzG) beams, which constitute a general family adlined electromagnetic beams,
was demonstrated theoretically in a recent paper [8] fop@gation in free space. Special cases
of the vHzG beams are the transverse electric (TE) and teasswnagnetic (TM) Gaussian
vector beams [2], nondiffracting vector Bessel beams [@hfized Bessel-Gauss [4], Mathieu-
Gauss, and Parabolic-Gauss beams, modes in cylindricaguédes and cavities [9, 10], and
scalar Helmholtz-Gauss beams [11, 12].

In this paper, we introduce a useful generalized form of tHe@ beams that we will re-
fer to asgeneralizedvHzG (gVHzG) beams. The paraxial propagation of the gVHz@nhe
is studied, not only in free space, but also through more rgéiygpes of paraxial optical sys-
tems characterized by complex ABCD matrices, includingésn Gaussian apertures, cascaded
paraxial systems, and systems having quadratic amplittideehas phase variations about the
axis. By following a coordinate-free approach, rather thesposing solutions in a particular
coordinate system, it was possible to derive an elegantlasda:-form expression for the elec-
tromagnetic field, the vector angular spectrum, and the fiayrector at the output plane of
the ABCD system. It is found that the gVHzG beams are a clasector fields which ex-
hibit the property of form-invariance under paraxial optitransformations. The formulation
described in this paper can be useful in applications wheregblarization of the fields is of
major concern [5, 6, 13, 14, 15].

2. Propagation of the generalized vector HzG beams

Consider an electromagnetic paraxial beam with time degrerelexg—icwt) travelling in the
zdirection (unit vector) through an ABCD axisymmetric optical system with input andput
planes located at = z; andz = 7, respectively. The system is characterized by an ABCD
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matrix with, in general, complex elemers B, C, andD that satisfy the unimodular relation
AD—-BC=1.
Let us express both the position veck®and the wave vectdf as

R:(I',Z), r:(x,y):(r,e); K:(kka)a k:(anKY):(ka(p)a (1)

wherer andk are the positions at the transverse planes of the configaratid frequency
spaces, respectively. Additionally, we will denote a gaheector field ad= = f + f,Z, where
f = (fx, fy) represents the transverse part of the field. The transveisia operators in the
configuration and frequency spaces are denoted byxd/dx+Yad/dy andO = ?xd/dkx +
kyd /dky, respectively.

Throughout the paper, the suffixes “1” and “2” denote thewtidn of the respective physi-
cal quantity (or operator) at the inpat=€ z;) and outputf= z,) transverse planes of the ABCD
system.

2.1. Definition of the generalized vector HzG beams

We commence the analysis by defining the transverse elettii@and magnetid(r) vectors
of a first-class (TM) gVHzG beam at the input plane of the ABGStem as [8]

iKr2 _ e\,
e(r) = exp(qu> O1W(r1; K1), hi(ri) = <H> Zxeq(ry), 2)

whereK = |K| = w(ug)Y? is the wave number.

The electric vector field in Egs. (2) results from the prodafdtvo functions, each depending
on one parameter. First, the Gaussian modulation is cleaizet by a complex beam parameter
01 = qf’ + iqf, where the superscript® and .# denote the real and imaginary parts of a
complex quantity, respectively. For simplicity in dealiwgh the ABCD system, the parameter
0: is used throughout the paper. The physical meaning ¢f contained in the known relation
/1 =1/R1+ i2/Kw§, wherefR; is the radius of curvature of the phase fronts, ands the
1/eamplitude spot size of the Gaussian modulation. In assum@@nplexg; we are allowing
for the possibility that the Gaussian apodization has aialmonverging ¢ < 0) or diverging
(g7 > 0) spherical wavefront. Additionally, the conditiagf’ < 0 must be fulfilled in order to
satisfy the physical requirement that the field amplitud@stees as becomes arbitrarily large.

The gradient]3W(r1;K1) in Eq. (2) provides the vector nature of the transverse rtect
field. The scalar functioWV(r1; K1) is a solution of the two-dimensional Helmholtz equation
[Df + K12] W =0, and physically describes the transverse shape of ansdalal nondiffracting
beam [16, 22, 23]. Since a vector bea(r;) is determined from a scalar functio(r; k1),
throughout the paper we will refer to the latter as #eedfunction. The functiolV can be
formally expanded in terms of plane waves as

Wirsixa) = | (@) explika (xacosp-+yasing)do. 3)

wherek; andg(¢) are the transverse wave number and the angular spectrura iofethl scalar
nondiffracting beam, respectively. Singép) is arbitrary, an infinite number of profiles can be
obtained, see section 2.6 for important special cases.

The fields in Eq. (2) are purely transverse and correspondei@éroth-order electric and
magnetic fields of the perturbative series expansion of tagvill equations provided by Lax
et al.[1]. The Lax expansion also showed that in next-order cdioesmall longitudinal field
components must be present, and their values are obtaioedtfre transverse components
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through

[ iKr2\ /ik? r
=_[y-eg=—exp( =—2 ) [ —2W+0 W~>, 43
&1= e p(2q1><K W (4a)
h _lD hy = — sexp(iKr%) (ixgw).ﬂ (4b)

S S TR T

TE polarized gVHzG beams For the sake of space, throughout the paper we shall ddal wit
the explicit expressions for the TM beams. However secdassqTE) beams can be readily
obtained from Egs (2) by applying the duality property, igplacingE with (u/£)%?H and
(u/€)Y2H with —E, namely

2

(TE) iKr1 ) (TE) 3 (IKI’ )
e r —ex zZx W hy ~(r ex O/w. (5
T (r1) = —exp( et ) B W] = [Lew(5)ow. ©)

The corresponding longitudinal components are obtaineappyying the divergence operator
as shown in Egs. (4).

2.2. Classification of the generalized vector HzG beams

In the theory of nondiffracting beams, the parametgein Eq. (3) is customarily assumed to
be real and positive [16, 22, 23]. For the sake of generaligy,will let kK, = K1 +|Kl be
arbitrarily complex allowing the possibility of having #& kinds of beams:

e Ordinary VHzG (0VHzG) beams correspond to purely real= K‘l%” for which the seed
functionW(r1; k1) is a two-dimensional purely oscillatory (or standing wafte)ction.
The physical meaning oa‘f]f is clear, as it governs the oscillatory behavior of the figrct
W in the transverse direction. Far from thexis, the spatial period of the field oscilla-
tions tends monotonically tor® k{?. The special case wheqy’ > 0 andq; = —iKw?/2
is purely imaginary leads to the ordinary vector solutioissdssed in Ref. [8], whens;
is the standard /e amplitude spot size of the Gaussian apodization.

¢ ModifiedVHzG (mVHzG) beams correspond to purely imaginayy= IK . In this case
W (rl, Kf) is an evanescent seed function which satisfies the modlflbdhfbdiz equa-

tion {Df — (Kiﬂ)z} W = 0. Two concrete examples of seed functions of the modified kin
are provided by the cosh-Gaussian beams [17] and the mo8iéisskl beams [18, 19].

¢ GeneralizedVHzG (gVHzG) beams correspond to the general case whéncomplex.
As we will see, the gVHzG can be interpreted as intermedltéisns between oVHzG
and mVHzG beams.

In order that fields in Eq. (2) satisfy the paraxial approxiom, it is needed that > 1/wj,
i.e. the Gaussian spot width is many wavelengths wide, addiadally thatK > |k1], i.e. the
spatial transverse beam oscillations must be many wawutlenvgde. Two limiting cases of
the gVHzG beams are of particular interest: (a) pure veabodiffracting beams are obtained
when|q \ — oo, and (b) the special valug = 0 leads to the generalized vector Laplace-Gauss
beams, for WhICh the seed functigviis now a solution of the 2D Laplace equation [8].

2.3. Propagation of the electromagnetic field through the&€BBsystem

Paraxial propagation of the electric vector fieldr) through the ABCD system can be per-
formed by solving the Huygens diffraction integral [20, 21]

Kexp(iKLp) / / 5
r e (r1)ex Ar? —2rq1-r5+Dr3) | d’r 6
&(rz) = o ei(r1)exp ZB( §—2r1r+Dr) | dry, (6)
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whereey(rz) is the output transverse electric field, anglis the optical path length from the
input to the output plane of the ABCD system measured aloagotitical axis. The vector
integral in Eq. (6) can be treated as a pair of independenarstdaegrals by decomposing
the transverse vecta (r1) into orthogonal linearly polarized parts. After subsfitgt each
Cartesian component of Eq. (2) and the expansion given by3rmto Eq. (6), the integration
can be performed applying the changes of variakjes uj cosp — v; sing, andy; = u; sing+
vjcosp, for j = 1,2. Upon returning to the original variables and regrouping @atesian
components into a vector function, we obtain (see the detalérivation in the appendix A)

. B
e(rz) = KleXIO<I fake ) G(r2,02)d2W(r2; k2), (78)
K2 2K
£\ 2
ha(r2) = (u) 2x (1), (7b)
where ( ) 5
exp(iKLg (iKrz)
G(rop, = X , 8
( 2 qz) A+ B/q1 202 ( )

is the output field of a scalar Gaussian beam with input pat@metravelling axially through
the ABCD system, and the transformation laws for the pararagt andk; from the planez;
to the planez, are A 5
G+ K101

T Cq+D’ = Aqu+B ©)

Equations (7) are the main result of this paper, they permdraitrary gvVHzG beam to be
propagated in closed-form through an axisymmetric ABCDaapsystem with real or complex
matrix elements. The presence of the fundamental Gauss&n®(r2,qy) in Eq. (7a) provides
the confinement mechanism which ensures the transverssitytdistribution vanishes at large
values ofr, and that the beam is square integrable. As expected, Basd{rces to Eq. (2) when
the ABCD matrix becomes the identity matrix.

Like the input field [Egs. (4)], the longitudinal componenftghe electrice,» and the mag-
netich, fields at the output plane can be readily obtained by applyiagperatof(i/K) Oz]
over the corresponding transverse componei(ts) andha(r2), respectively.

07]

2.4. Poynting vector of the generalized vector HzG beams

The time-averaged Poynting vector is given(®y = Re(E x H*) /2. It can be decomposed as
(S) = (s)Z+(s), where(s,) is the longitudinal part which determines the flow of energshie
direction of propagatioz, and(s) is the transverse part which determines the flow of energy
perpendicular to this direction. The Poynting vector cardleulated at the inputj = 1) and
output(j = 2) planes using the corresponding expressions for the elegid magnetic fields,

we have
iKJ‘2W+DW il OW* (20)
K J o] ] ’

1/e\"? -
5)-3(8) " InP{lowpzere

wherefy = exp(iKr2/2q,) , and fo = (K1/K2) exp(—ik1k2B/2K) G(r 2, ).

From Eq. (10) we note that the energy flux density along thgitadinal direction is pro-
portional to the squared magnitude of the transverse @édietid vector. Sinc&V andq; are, in
general, complex, the beam exhibits a transverse flow ofygnvenose radial part is a manifes-
tation of diffraction. For a paraxial beam it is expected tiha longitudinal part of the energy
flux be much more significant than the transverse part, indagitnple analysis of orders of
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magnitude in Eq. (10) reveals that the longitudinal flow ikeastkw; times the transverse one.
Finally, for a lossless medium, the light power carried by beam in longitudinal direction
JI{Sj)-Z d?rj remains constant for argplane.

2.5. Propagation of the vector angular spectrum

The electric fielde(r) of the gVHzG beam at either the input or output planes of theCBB
system admits the plane wave expansion of the fefm = (1/2m) [/, &(k) exp(ik - r) dk,
wheree(k) is the vector angular spectrum whose functional form isiabthby Fourier inver-

sion
42
// r)exp(—ik-r)dr. (11)

After inserting Eqgs. (2) and (7a) into Eq.(11) and perforgrine integrals we obtain the vector
angular spectra at the input and output planes of the ABCEsysamely

kL Q1 1Ky O1K1
e(ky) = |exp< K )exp( oK ) 0w (kl, K ) (12a)
~ kK qu2 + K1K2B Bk2
82(k2) 7K2Q2 ()4 p< 72K G(kz qz)DZW kz, K1 R (12b)

wherel] = kyd / 9k, +kyd /dky is the transverse nabla operator in kaspace, and

= _ (i92") exp(iKLo) . 0ok3
G(k2,02) = (K) AMGXD<—|2|<2) (13)

is the Fourier transform of the Gaussian funct®(r,,q2) in Eqg. (8).

2.6. Remarks on the coordinates systems and polarizatisis ba

The electromagnetic fields in Egs. (2), (7) and (12) are cetepl general in the sense that they
do not depend on a particular coordinate system. The vee@mmbsolutions are constructed
starting from scalar solutions of the 2D Helmholtz equatidrich can be formally expanded in
terms of plane waves according to Eq. (3). Although thigjrakexpansion constitute a general
integral solution, it is important to note that the 2D Helrth@quation can also be solved in
several orthogonal coordinate systems using the separatigariables method [11, 24, 25].
This fact leads to have complete and orthogonal familiesgefrdunctions of the 2D Helmholtz
equation.

Of particular interest are the families of eigenfunctioishe 2D Helmholtz equation ex-
pressed in Cartesian, polar, elliptic, and parabolic coatés [11]. For Cartesian coordinates
(x,y), generalized vector Gaussian beams can be constructedipenpositions of fundamen-
tal plane waves of the forW = exp(iK'1-r1) = explik1 (xcosp+ysing)], see, for example,
the cosine-Gauss beams studied in Ref. [11]. The case ofdflae goordinategr, 8) corre-
sponds to eigenfunctiond = Jn(kr)exp(im@) for which gVHzG beams reduce to timeth-
order generalized vector Bessel-Gauss beams [4]. Fotielipordinateq &, n), generalized
vector even Mathieu-Gauss beamganh-order and ellipticity parametercan be constructed
from the eigenfunction®V = Jen(&, €)can(n, €), where J&) and c€.) are the radial and an-
gular even Mathieu functions ofth-order and parameter, respectively [22]. For parabolic
coordinategu, V), generalized vector even parabolic-Gauss beams can beumiad from the

eigenfunctiondV = Pe(u\/ZK; p) Pe(v\/ZK; —p) , Where P¢) is a parabolic cylinder func-
tion of parametep and even parity [23].
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On the other hand, the gradient operator in Egs. (2) and éfaalso be expressed in several
coordinate systems [24, 25], with the consequence thatalgwelarization basis may be used
to decompose the field vectes(r,) at any pointr, into two orthogonal polarized transverse
parts. For instance, in polar coordinates, the transvegstow fields can be split into radial
and azimuthal polarized components, or in elliptic coaatis, into elliptic and hyperbolic
polarized components. Explicit expressions for theserjzalion basis associated to particular
coordinate systems can be found elsewhere [24, 25].

Itis important to emphasize that a general vector beamiealig found by the superposition
of TM and TE vector modes, i.e.

E=aE™ 4+ Be(™®, (14)

wherea andf are arbitrary constants. By combining the different palatibn basis with the
different seed function®/(rp; k2) a large variety of beam profiles with specific polarization
states could be constructed through superposition. As ghearmonsider the basis of circular
polarizationsi* = (X+iy) /v/2. It is easy to verify that the gradient @ in Egs. (2) and (7a)
can be expressed in the basis of vectofsas

L OW AW\, 1 (OW oW\ __

Now, gVHzG beams with pure lefty) and right () circularly polarized beams can be con-
structed from Eq. (15) using the superposit@n= el +ie(TE) at either the inputj(= 1) or
output (j = 2) planes of the ABCD system, we have explicitly

oW oW

wheref; = exp(iKr2/2q;) , andf, = (K1/K2) exp(—ik1k2B/2K) G(r2, ). A similar approach
can be applied for the vector angular spectra in Eq. (12) tivel¢he corresponding circular
polarization states.

Finally, from Egs. (2) and (5), it is clear that the polariaatof the transverse electric field of
the TM and TE beams is defined entirely by the operatidnsandz x W, respectively. Both
vector fields¥M) = OW andW@ = Z x OW constitute two independent vector solutions of the
2D vector Helmholtz equatiol?¥ + k?W = 0 [24, 25]. Now, if we set the functiow = W,
to be them-th eigensolution belonging to a countable set of completeathogonal solutions
of the scalar Helmholtz equation, then, because of theriityeand the one-to-one mapping of
the gradient operator, the properties of linear indepecgeorthogonality, and completeness
exhibited by the family of scalar solutions, are transferred to the corresponding families
of vector fieldsW® and W@, Additionally, the transverse fields of a TM and a TE beams
are orthogonal, even when their seed functidfsare equal. In this sense, the gVHzG beams
exhibit similar polarization properties than the idealteemondiffracting beams [3, 7, 16] and
waveguides with constant cross-section [9, 10, 24].

3. Physical discussion of the propagation properties

In Section 2 we have demonstrated that localized vector s=dumions of the Maxwell equa-
tions can be propagated through an ABCD optical system insed and coordinate-free form.
Particular attention was focused on the propagation of &etov beams and their vector angu-
lar spectra. Several considerations for the coordinateesyand polarization basis were also
discussed. To get involved in the propagation details ofWidzG beams, let us study in this
section two very illustrative examples.
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3.1. Free space propagation

We consider first the free space propagation along a distarce — z;. The input and output
fields are given by Egs. (2) and (7a) wth=1, B=L,C =0, andD = 1. From Egs. (9) the
transformation laws become

K101

Q=01 +L, 2= L (17)

where we note that the produgtk, = g1k1 remains constant under free-space propagation.

Qwaisl . Kvertex
purely imaginary purely real

Interference
Zp Zwaist Zyertex region

Fig. 1. Physical picture of the decomposition of a gVHzG beam propagatifree space
in terms of fundamental vector Gaussian beams whose mean propegseti® lie on the
surface of a double cone.

In a similar fashion to the scalar HzG beams [11], to gain dcbasderstanding of the
features of the gVHzG beams propagating in free space, oyjeomsider that a gvHzG beam
is formed as a superposition of fundamental vector Gaussams (see Fig. 1) whose mean
propagation axes lie on the surface of a double cone, whopktades are modulated angularly
by the functiong(¢). This physical picture is evident after replacing Egs. (b% Eq. (7a) and
observing that the TM polarized gVHzG beams in vacuum careleitten as

alr2) = [ 9(@)aa(rzi0de, (18)

where

2 - Ger2 -
O2(r2; @) = iexp(—igélg) EXD(ZIKL) exp<|2|;i§> exp(i K1Z rz) re (19)

with ¢ = 1+ L/q; andK' 1 = k1 (cosgX + singy) Equation (19) represents the free space prop-
agation along a distandeof a tilted Gaussian beam with input paramejewhose mean wave
vector has a projectior ; over the transverse plane [11], and whose polarizatiorovectints
in direction of the vectox ;.

The generatrix of the double cone shown in Fig. 1 corresptmdise linear propagation of
the centroid of the individual Gaussian beams, and from &@s.it is found to be

2,7 R NI I %
K K + K
lgen(2) = q|1<|qyl ! qquyl % (z—2z7). (20)
1 1

In Fig. 1 we identify three important transverse planes:

e Theinitial planeatz=z.
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¢ Thewaist plane(z = zy4ist) corresponds to the plane where the width of the elementary
Gaussian beams is minimum, i.e. where the radial factofi&xg/2q,) becomes a real
Gaussian envelope. Using this condition, from Eqs. (17) ®ezgaist = z1 — 7 . At
the waist plane the parameterbecomes purely imaginamyaist = iqf, whereas the
parametelk reduces tKyajst = K1 (17 iqf/qf) . From the general expression of the
Poynting vector Eq. (10) we note thatif andk is set to be purely real, then at the waist
plane the energy flow becomes purely longitudinal.

e Thevertex plan€z = ztey corresponds to the plane where the main propagation axes of
the constituent Gaussian beams intersect. As shown in Fige Jseudo-nondiffracting
region delimits the region where significant interferentée constituent vector Gaus-
sian beams occurs, and where the transverse beam profilgitexhistanding-wave be-
havior. The evaluation of the conditiogen= 0 in Eq. (20) yields

2
|of| Kiy

ol 7o

Zyertex—= 21 —

Note that at the vertex plane the parametebecomes purely reakyerex = Kf]’ +
k{qf /q{, with the consequence that at this plane the beam profilengslto the
0VHzG kind with Quertex = K101/Kvertex At the vertex plane the extent of the pseudo-
nondiffracting region is maximum, and it§damplitude Gaussian spot size can be cal-

culated WithWyertex= [K 1M (1/0verter) /2]~ 2.

In general, the initial, the waist, and the vertex planedarated at different axial positions,
as shown in Fig. 1. The ordinary VHzG beams studied in Refc{Bistitute the special case
whenz; =0, gf = 0, andk;” = 0, for which the three planes coincidezt 0, and the cone
generatrix reduces to the expectggh= (k{’ /K) z

On the other side, the mVHzG beams occur Wkl?n: 0; if we additionally setj = 0 then
gen= o= quiﬁ/K becomes a constant, and therefore the mVHzG beams may bedvasv
a superposition of vector Gaussian beams whose axes attept@rahe z axis and lie on the
surface of a circular cylinder of radiug.

Finally, we remark that the transverse fields of the gVHzGiepropagating in free space
satisfy the paraxial wave equaticﬁfjL i2Ka/dz] {e1,h1} = 0 and correspond to the purely
transverse zeroth-order electric and magnetic fields opénturbative series expansion of the
Maxwell equations provided by Laat al.[1].

3.2. Propagation through a GRIN medium

Let us consider now the propagation of the gVHzG beams thr@ugraded refractive-index
(GRIN) medium with quadratic index variatiam(r) = ng(1 —r?/2a?). The ABCD transfer
matrix from planez; to planez, = z; + L is given by

A B| co§L/a)  asin(L/a)
C D | | —sin(L/a)/a codL/a)
For a general input vector field of the form (2), the propagatctor field at a distan is

described by Eq. (7a). Substitution of the matrix elememtsq. (22) into Egs. (9) yields the
parameter transformations:

(22)

gicogL/a)+asin(L/a) K101
g=a . s Ko = i ) (23)
—gisin(L/a) +acogL/a) gicogL/a)+asin(L/a)
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where we note that, under propagation, the paramgtarsik vary periodically with a longi-
tudinal period 2ra, therefore, the initial field distribution self-reproducter a distance 2a.

To show the role played by the gVHzG beams as intermediat®esolutions between
oVHzG and mVHzG beams, let us assume that the input fietgd-at0 belongs to the oVHzG
kind (i.e. k{ = 0) with an initial real Gaussian apodization of width (i.e. q1 = iqy =
—iKw?/2). For a propagation distante= Lg = /2, the ABCD matrix Eq. (22) reduces to
[0,a;—1/a,0] which is indeed identical to the matrix transformation friva first to the second
focal plane of a converging thin lens of focal length.e. a Fourier transformer. At the Fourier
planeL = Lg, from Egs. (23) we see that both paramewrs- ia?/q{ andk, = ikq; /a
become purely imaginary. It is now evident that if an oVHz@fje is Fourier transformed, a
mVHzG profile will be obtained, and vice versa. The internagelprofiles belong to the gvHzG
kind where, for the particular case of the GRIN medium, tl@dition between both types of
beams is characterized by the continuous transformatioes g Egs. (23).

The special case when the parametef the GRIN medium is equal to the Rayleigh distance
(le.zr= KW%/Z) of the initial Gaussian apodization is of particular net. From Eqgs. (23)
we see that the Gaussian widfh= g; = —ia remains constant under propagation and that the
wave numbek;, = K1 exp(—iL /a) rotates at a constant rate over the complex p(aq“é Kz‘])
as the beam propagates through the GRIN medium. For brexgtyill refer to the case when
a= KW%/Z as abalancedpropagation, and aon-balancedtherwise.

In Figs. 2 and 3 we show the propagation of the transversasitjedistribution and the
electric vector field for several circularly polarized gMBlbeams withk; = 30 mntt through
a GRIN medium witha = 1/v/2m m. The input fields are given by Eq. (16) wijh= 1 for
K =2m/A andA = 6328 nm. The animations were constructed by calculating the &200
transverse planes evenly spaced from the input=(0) to the outputZ, = 4L = 2ma) planes
using Eq. (16) withj = 2 to generate the left or right circularly polarized fieldglas case may
be.

The fields shown in Fig. 2 correspond to a seed fundtibfm1) given by the superposition
of N plane waves of the general form

N
W(r1) =3 Anexplikiricos(6r — )], (24)
n=1

where A, are complex amplitudes. For Fig. 2(a) we have chosen a leftlairly polarized
0VHzG beam in a balanced conditioq (= —ia = —i/v/2m) with N = 3, A, = {1,1,1}, and
@ ={90°,—30°,—150}. Note that the width of the constituent Gaussian beams reswain-
stant under propagation because the beams are balandewifglthe established convention,
at a giverz plane, the transverse components of the fields rotate kafwise for left-handed
circular polarization as time increases. The field at thagida = L is shown Fig. 2(b), where
we note that for the selected amplitudgs= 1 the beam polarization becomes purely radial.
To show the non-balanced condition, in Fig. 2(c) we propagdjshe same gVHzG by setting
now gy = 0.4 —i0.8/+/2m and keeping all remaining parameters unchanged. The viimess
clearly that the width of the constituent Gaussian beamsgdander propagation and reach a
minimum at the plane wheig in Egs. (23) becomes purely imaginary 1.22L¢)

In Fig. 2(e) we show a right circularly polarized balancedH?% beam constructed with
N = 8 constituent Gaussian beams. By means of the amplitudegheases of the coefficients
A, it is possible to adjust the polarization state of the résgilbeam. In this case we st =i
such that the electric field at the plane= L now becomes purely azimuthal, as shown in Fig.
2(f). In Fig. 2(g) we sef\, = exp(—irm/4) such that the electric field vectors at each point on
the planez, = Lg become parallel, as shown in Fig. 2(h).

Figures 3(a) to 3(d) show the vector propagation of ordinagtor Bessel-Gauss (VBG)
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(9) (h)

Fig. 2. Propagation of the transverse intensity distribution and the electtonfield for
circularly polarized gVHzG beams constructed with finite superpositioector Gaussian
beams. The parameter data for the propagations are included within th&hexmovies
show the evolution frorm= 0 toz=4Lf. (Movie files: 2.4 MB, 2.3 MB, 3.3 MB, and 3.3
MB)
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(e) ()

(9) (h)

Fig. 3. Propagation of the transverse intensity distribution and electricnfégltbfor gen-
eralized vector Bessel-cosine-Gauss, Mathieu-Gauss, and par@aelgs beams. The pa-
rameter data for the propagations are included within the text. The mowestkh evolu-
tion fromz=0toz=4Lg. (Movie files: 3.1 MB, 2.5 MB, 3.6 MB, and 2.2 MB)
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beams with even parity. The first propagation shown in Fig) 8brresponds to a balanced
input VBG beam of the form in Eq. (16) with seed functdh(r;) = iJ3(k1r1) cos(36;). The
presence of the factdiin the seed function produces that, at the plane L, the VBG beam
be azimuthally polarized and belongs to the modified VHzQlkifihe second propagation
shown in Fig. 3(c) corresponds to a non-balanced VBG beatm\Witr 1) = Jz (k1r1) cos(361)
and complex input parametgr = 0.4 —i0.8/+/21.

The propagation of a fourth-order helical vector Mathieas&s (VMG) beam is shown in
Figs. 3(e) and 3(f). The seed function is given by the supstipo of even and odd Mathieu
beams [11, 22], namel¥ (r1) = Je&y(&,3)ces(n,3) + 1w (&, 3)se(n, 3), where(&, n) are the
elliptic coordinates defined as= f coshé cosn andy = f sinhé sinn, with f being the semifo-
cal distance. In this case the vector beam is balanced bitittz field belongs to the gvVHzG
kind with k1 = 304115 mnm L. The input field is given by Eq. (16) where the Cartesian ghrti
derivatives are expressed in elliptic coordinates asvidlo

d 1 . 0 . 7]
ox  f (coslt & —cogn) <Smh€ oS¢ — coshe smnan) ’ (259)
0 1 . 0 . 7]
3y~ T(cosRe —co2n) (coshE sinn 5 +sinhé& cosn (3r7> (25b)

As the beam propagates, the parametgesd kK vary according to Eq. (23). For this value
of k1, the typical elliptic annular intensity pattern of the oralip helical VMG beams occurs
approximately at~ 0.28L¢, while the expected circular annular pattern of the modifieliChl
VMG beams occurs at~ 1.28L .

Finally, in Fig. 3(g) we show the propagation of a travelliertor Parabolic-Gauss (VPG)
beam with TM polarization. The electric field is given dilgdty Eq. (7a) with a seed function
given by the superposition of even and odd Parabolic naadiihg beams [11, 23], namely

W(rq) = Pe(u\/ZK; p) Pe(v\/ZK;—p) + iPO(U\/ZK; p) Po(v\/z ;—p) with parabolicity
parameterp = 2. The Cartesian derivatives are expressed in the Parabaicioatesx =
(V2 —1u?)/2, andy = uv as follows

17} 1 fd d
X PP (”au _Vo'?v> : (262)
17} 1 7] d
TR (Vdu + ”av> , (26b)

The beam is again balanced, but now we start the propagatgnmang a purely imaginary
k1 = i30 mnT! corresponding to a VPG of the modified kind. As expected fds thitial
condition, the beam now will belong to the ordinary kind a fitanez, = L.

To finish this section, let us remark that linearly polarizdtHzG beams can be also con-
structed as discussed in subsection 2.6. Since the propagithese vector beams reduces to
the propagation of scalar HzG beams, a variety of theotediva experimental evolutions of
linearly polarized gVHzG beams can be seen elsewhere, s@esfance Refs. [11, 12, 26].

4, Conclusions

In this paper we have introduced a generalized form of theovétzG beams that can be prop-
agated in a closed and elegant form through axisymmetrixroptical systems character-
ized by ABCD transfer matrices. Once the choice of polaidradf the transverse component
is made, the propagation of the vector beams is completelyackerized by the transforma-
tion of two independent complex parametgrand. The derivation of the new formulation
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has included the possibility of propagation in complex li&esmedia having at most quadratic
transverse variations of the index of refraction and the gaioss.

Apart from a complex amplitude factor, the output field hassame mathematical structure
as the input field, thus the gvVHzG beams constitute a claseatov fields whose form is
invariant under paraxial optical transformations. As asamuence, the transverse polarization
of the gVHzG beams does not change under paraxial ABCD ksdtansformations. This
form-invariance property should not to be confused withghape-invariance property of the
scalar Hermite-Gauss or Laguerre-Gauss beams which pegsstcepting a scaling factor,
the same transverse shape under paraxial lossless traasfans. The intensity shape of the
gVHzG beams will change becausgandk, are not proportional to each other through a real
factor leading to different profiles of the functioil, and moreover because the parameters
g1 andk; are transformed according to different laws. Gaussianiapddields with arbitrary
polarization can be built up with a suitable superpositiboamstituent gvVHzG beams with the
same Gaussian envelope and transverse spatial frequency.
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A. Appendix: Derivation of the output field e,(r2) [Eq. (7a)]
By insertinge; (r1) [EQ. (2)] into the Huygens diffraction integral Eq. (6) wetain

K (iKLp)
e(rz) = esz;;B 0) / dr exp( )e p{ (Arf — 2r1-r2+Dr§)}

x O [/_nd(p 9() expliki (xlcos<p+ylsin(p)]} , (27)

whereW(r; k1) has been already expressed using the expansion given b8)Eq. (

The gradient operatdrl; can be introduced within the angular integral and its ajpgilbo
gives raise to two Cartesian field components, nareglyn) = X + ,y. Working with thex
component we obtain the expression

KexleLo
)

X iKy [ do 9(¢) cospexpliky(xi cosp+yising)], (28)

that can be rearranged as

_ Kkiexp(iKLo) |KDr2/
= B exp do g() cosp

x// dzrlexp{lKrl (1+A)] exp[—lKrl-rz+iK1(X1COSqo+y13in§0)} , (29)
—o0 2 g B B

The double integral can be evaluated by splitting it into single integrals and the result is

T 1 K \? . K \?
2 &XP) ~ 70z | | K1COSp—5Xa |+ { KiSing— =, , (30)
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wherea? = —i (K/2) (a; * +A/B).
Replacing Eq.(30) into Eqg. (29) and after expanding the ratadterms we obtain

, K? iKDr3 K2r3
e = exp(iKLg) exp<—4alz> exp( o8 2) exp(— 4a2l322)

[ KKy Kkq |
X./,n {ZaZBCOS(Pd(P:| g((P>eXp[2azB(chOS(p—|—y23|n(p) . (31)

Now, from the expansion in Eq. (3), it is easy to identify ttie integral corresponds indeed to
the derivative of the functioW/(r»; k2), then we have

o= g exp( 520 ) Glraca) 5 Wirzika) @2)
where the parameterp andky are given by Eq. (9)G(r2,02) is the fundamental Gaussian
beam [Eq. (8)], and the unimodular conditi&id — BC = 1 has been applied to eliminale
The expression fog, is also given by Eq. (32) with the difference that the padidivative is
now taken with respect to thecoordinate. Superposing both Cartesian components ang usi
the gradient operator definition yields

K . K1Kk2B
ea(r2) = 1 exp( 1522 ) Glrz )W 12k @)

which is indeed Eq.(7a).
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